is nonsingular.
If A is abelian and K(A) denotes the character matrix of A, then it is easy to check that the Hermitian matrix K(A)/V'T;;T can be used to bring M(B) into diagonal form, i.e., the matrix K(A )M( B)K( A)*/1 Al is diagonal. This leads to the following. Let us now use this formula to prove Theorem 1.1. Suppose that Bc Z; is not a unique inversion set. Then there exists an element dE A so that ChEB $Jb) = 0. Since the statement is trivially true for B= 0, we may assume that B is non-empty.
Consequently, d# 1 and thus
IS a maximal subgroup. For 0 < j < p, let us define A, = {a E A: $Ja) = ezaii"'}. Then B is not u unique inversion .set.
Proof1 Let B, be the subset of B which is the union of the right cosets of D,. Let V, denote the vector space of functions F,,. As we showed before dim V, 6 n/l D,l. Consequently C', . V3 ,..., I/, generate a subspace, say W. of dimension less than n. Since F, is contained in W, the statement follows. 1
Remark. If r 3 2, then the preceding conclusion holds even if C;=, l//D,1 = 1, since the constant function is contained in each of the V,. Thus, the simplest group for which Theorem 1.1 fails is L,,z, taking as B the cyclic subgroup of order p in it.
For abelian groups one can actually compute dim V, as follows. However, by the Chinese remainder theorem, this approach cannot work for cyclic groups of order pq, p and q being distinct primes. Nevertheless, if A is slightly larger, e.g., if A has a non-trivial subgroup A0 with A/A, z L,, then we do not have to worry about disjointness. Suppose that Bc .4 is such that the elements of B considered modulo A,, form the union of one coset of L, and one of Z,. In particular, ) BI = p + 4. Then B is not a unique inversion set in view of Proposition 2.2, and in most cases it is not uniformly distributed modulo any maximal subgroup of A (a simple sufficient condition is (p + q, IAl)) = 1). In this way we can show that Theorem 1.1 fails for all abelian groups except Zi and Z,,. PROBLEM 2.4. Does Theorem 1.1 hold for A = Zpq? One can easily check that the answer is "yes" for Z,,. In general, a positive answer to the problem is equivalent to a negative one to the following. PROBLEM 2.5. Let 4(x) be the Pqth cyclotomic polynomial, i.e., d(x) = (x-l)(xpy-1)/(x"--1)(x4-1). Is there a polynomial g(x)=Cf:;' E,X' with E;= 0, 1 so that b(x) divides g(x) but neither A?' ' + ... +x + 1 nor x4 ' + . + x + 1 divides g(x).
Nofe ad&d in proc$ Peter Cameron has just shown that Theorem I.1 does indeed hold for A = L,,.
